ON DOMAINS OF CONTROLLABILITY OF PROPER AND NORMAL
SYSTEMS

"By C. Imaz* aNp Z. VoOREL}

Introduction
Consider the linear control system
7=
where by > 0, u(t) € L (Lebesgue measurable in (0, «)), | u(t) | < 1. Denote
by Sr the set of all points in E; that can be reached from the origin in a time
T > 0 with some u(¢) satisfying the above conditions; i.e. Sy = E(z € E;;

2 =e'" [ e <81> w(r)dr, u € L, |u| £ 1) where 4 = (2 (())> . Since

T 1
AT — AT bl AT —ATo bl
e fo e <0> u(r) dr = ™' T fo e <O> w(To) do

(DL

I

each point. zr € Sy may be written as zr = (g ‘ T02> z where

1
zeé,&=E<w6E2;w=f <_l;1bl>u(a)dzr, uEL,|u]§1>.
0

Thus in this simple case Sz for any 7 > 0 can be calculated as a linear trans-
formation of the set @ independent from 7. In the present paper it is shown
that this circumstance holds asymptotically for 7 — o for any proper system
with zero real parts in the characteristic roots.

To further clarify the results obtained afterwards (Section 2), consider the
control system

& = Ax + Buy,
where x = col(a1, -+, x.), A4 has only ones below the main diagonal, B =
i)t =1,2,---,n j=1 ---,s,and u = col(ur, ---, us). Now if @ is

defined as the set given by
' T
Gr = E <x; z = / ¢ “Bu(c) do; for all admissible u>,
(1]
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then by first making a change of variable ¢ = T+ and arranging things properly
one obtaing

n 1
Gr = E (:c; x = Zf T;: Qi(7)B; u(r) dr; for all admissible u>,

1=1 Jg
where T';, §; are n X n matrices, B; are n X s matrices; T; = diag(0, ---,0, T,
T°, ---, T, T appearing in the sth place; Q:(7) has all columns zero except

the ith which is the same as that of ¢ *"; and B, has all rows zero except the
ith, this being the same as in B. From this, two things are immediately apparent.
First we observe that the highest powers of T for all components of z appear in
the term 7 = 1. Second, the first component for any z is completely determined
by the same term mentioned before, and therefore, if the system is proper, B:
can not be the zero matrix. From both comments we see that things depend
primarily on the first row of B.

Also an approximate method to calculate the sets Sr is given for the normal
case.

Section 1
Consider a control system of the form
(1) % = Az 4+ Bu

where z € E, (real Euclidean space), A, B are n X n and n X r real constant

_matrices respectively, n > 1, r > 1, u € E, is a real function of ¢, measurable for

0<t< o [|u)| <1l,and |u| = max [wu;|. The class of functions w(t)
X il

with the above properties will be denoted by Q.
For any u € Q the solution of (1) with initial conditions ¢ = 0, { = 0 is
given by

11
x = e‘“/ ¢ “"Bu(z) dr.
0
Let us define the set Sz by
r
Se = E (:c € E, ;z= e“f ¢ *Bu(r) dr, € sz)
0

for T > 0. Instead of Sy the set @r will be considered:
(2) ST = 6AT@T

ie.@r = E(y € B, ; ¢*"y € Sp).

It is a well-established fact that @, is compact and convex for all 7' > 0
([1]). Evidently, Gr is symmetrical with respect to the origin, ie. if ¥y € Gr,
then also —y € Gr.

Suppose further that the system (1) is proper, i.e. the vectors b, - - -, b",
Ab®, oo ADY e AP o A, where b represents the ith
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column of B, generate the whole E, . Then @r contains the origin in its interior
for any T > 0, (see [1]). An objective of this paper is to present a method to
calculate approximately the set Gr. Then Sr can be calculated from (2).

As the set @y is convex, to every point z of its frontier there corresponds at
least one supporting hyperplane. With this hyperplane the unit normal vector
75 , directed into the halfspace not containing @r , will be associated. 5, will be
called a supporting vector associated with z.

Up to the end of this section it will be supposed that (1) is a normal system,
ie., for each 7, j = 1, ---, r, the vectors b?, A6, .. A" Y are linearly
independent. Then it is a known fact ([1]) that if « is any point of the frontier of
@r and if 9, is an associated supporting vector, then

T
(3) = f ¢ *"Bu(r) dr

0
where u(t) = sgn[n, e *'B] (if @ = (a1, -+, @an), we define sgna =
(sgnai, -+, sgna,), where sgna; = 1, if a; > 0, sgna;, = —1, if a; < 0,

and sgna; = 0if a; = 0). Now if 5 is an arbitrary vector from E, with unit
length and if u(Z, ) = sgn[y'e “’B], then the point

i
(3" 2 =[ A Bu(t, n) dt
0

belongs to the frontier of @r and 7 is its supporting vector. Further, the frontier
of @r does not contain non-degenerated segments; i.e., if z # y are two points of
Fr(@r), then 5. #£ 9, , which is a consequence of (3) and of uniqueness of solu-
tions of (1). The former is true since for normal systems no component of
n'e *'B is p.p. zero in any time interval, while if the system is only proper
there might exist segments in the frontier of Gr, as a component could be p.p.
zero; therefore Theorem 1 (to follow) must be understood for normal systems.
From this it follows that (3") defines a mapping of the unit sphere on the frontier

of Gr.

LEmMA 1. Let f(t) be a scalar function continuous in {0, T| and with a finite
number of zeros there. Suppose that the sequence f;(t) converges uniformly to f(t)
with j — o in [0, T]; then sgn[f;(t)] converges almost everywhere to sgnlf(1)] in
[0, 71.

Proof. Let e > 0. Suppose that f(#) has n zeros in [0, T]. Let every zero be
enclosed in an open interval of length e/n. Let a = inf| f(¢) | in the complement
C of the union of the mentioned intervals. Suppose j sufficiently large such that
|fi(¢) | > /2 in C. Then sgn[f;(¢)] = sgn[f(¢)] in C, the measure of C' being
T — e

From Lemma 1 one obtains that the function 5 — z, defined by (3") is con-
tinuous and this implies

Lemma 2. If the set {n;} is dense on the frontier of the unit sphere, then the set
{@,;} 1s dense on Fr(Gr).
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THEOREM 1. Let {n;},j = 1, 2, --- be dense on the frontier of the unit sphere
and let P, be the polyhedron generated by the points (2, , <+« , Zy,), 8 = 1,2, -+ ;

then U2 P, = @r (the bar denoting the closure).

Proof. Suppose U2 P, € @z, U5 P, = @r. Then there exists an in-
terior point p of Gr and a neighborhood V of this point which is contained
in@r, VN U2 P, = @. Consider the cone generated by V with the vertex
in some z,; . The intersection of the interior of this cone with Fr(@r) necessarily
contains a point z,; , as by Lemma 2 the set {z,,} is dense on Fr(@r). Then the
polyhedron P, with k = max[¢, j] contains points of V, which contradicts the

hypothesis.

Note 1. Theorem 1 allows to approximate (with an arbitrary degree of preci-
sion) the set @r by means of polyhedrons contained in @, . Moreover, if P, is
the polyhedron generated by the points (z,, , -, z,,), and

Ps, ZkQHk,Hk =(x€En;nk,(x *xﬂk) <0)

(ie., P, is the intersection of all the closed halfspaces containing the origin
which are determined by the hyperplane perpendicular to 5, and tangent to
@r at the points z,,), then evidently P, € G, C P,’. It is easy to prove an anal-
ogous result for proper systems as well.

Section 2

In this section the asymptotic behaviour of the sets Sy for 7' large will be
studied. For this purpose, suppose that the system (1) has been transformed
so that 4 has the Jordan canonical form. Obviously the transformed sytem
will be proper again; and to each real root v; of A, or to each pair of complex
conjugate roots a; == %8;, there corresponds an independent subsystem of (1)
which is obviously proper again.

Now suppose that there exists a characteristic root of A with real part zero.
The corresponding subsystem is of the form

(4) y = Dy + Bu

where either

0, O, , 0
1, 0, SN ()
(5) D=1, 1, ---, 0
0, , 1, 0
or
Sy, 0., , 0s )
6) Do [ S, ;0
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_(0—3p {10y , (00
s=(70) 5= D) o= o)

In what follows by the distance d.(@;, @) of two compact non-empty sets
@, c E, and @, C E; is meant

where

max{ sup d(z, @), sup d(z, @)},

T € G2 z € Q1

where d(z, @;) means the Euclidean distance between z and Q; .
Obviously d,(Q1, @) is zero if and only if Gi = @, . Further, if @; are con-
vex, it is easy to show that

dn(Fr(@yr), Fr(@®2)) = dn(G1, G2)
where Fr(Q;) denotes the frontier of @; .
TurorEM 2. Let T > 1 and

T
Sr = E’(x; z = f eD(T_T)Bu(T) dr,u € Q) .
o

Then there exist convex compact sets Qr, G, Which are symmetrical with respect
to the origin and contain a neighborhood of the origin, Q. being independent of T,
An(@r, Gw) — 0 with T — o, such that € Fr(Sz) if and only if x = ”"Dw,
w € Fr(Qr), where Dy is a diagonal matriz whose diagonal elements are natural
powers of T. Moreover, G, is independent from 8 and depends only from the ﬁrst
two rows of B in the case (6) and from the first row of B in the case (5).

CoroOLLARY. For every x € Fr(8Sr) there exist a y € Fr(Q.) (y # 0 as G, con-
tains the origin in its intertor) and a 2(T) such that
& = ¢""Da(y + 2(T)),
where || 2(T) || < p(T), p(T) being independent from x € Fr(Sr), o(T) — 0
with T — oo,
Proof. Take w € Fr(@r) which corresponds to z. As Fr(@Q.) is compact there
exists a y € Fr(Q.,) such that d(w, y) = d(w, Fr(G=.)). Now lw — y|| =
d(w, y) <sup dlw, Fr(G,)] < dnlFr(@r), Fr(GQ,)] = dn(@r, @,); taking

weRT

2(T) = w— yand p(T) = du(@r, Q) the corollary is proved.
Theorem 2 will be proved by means of two lemmas.
Lemma 3. Let Ky = E(n € Eu ;|| 9|l = 1); let
T, 7) ..
f D, 02, 0, -+, 0,
I —sz, pz, 0_2, Qz

= J : : :
h—1 k—2 k—2 k—3 k—3
P L T (=1) T (=1 T 1
[( 1) (k — 1),D2; T (]C — 2)' 2y T2 (k — 3)!D27 ...’T]c_.lDzJ




84 C. IMAZ AND Z. VOREL

be a 2k by 2k matrix

_ (cos BTr —sin BT
2 = <Sin ﬁTT cos BT‘T >J T Z 17 T E [O, 1],

B a posttive constant, B a 2k X r real constant matriz, k, r > 1. Let the elements of
a matriz C be denoted by (C)ij. Then

T 2k
i f§ 35| 3 n(Q(T, 7)B)ss | dr = Ly
>0 j= 1=
exists uniformly with respect to 4 € K1, where t € [0, 1], and is independent from

B and (B);;, where ¢ = 3, --+, 2k and j = 1, ---, r. Moreover, L, =
>t J6 Pi(r) dr where

k—1 2
Pj(’T) = |:<"71 — T3 + -+ (—1)k_1 (k%]ﬂ)! "12k—1>
A1 2-71/2
+ <772 — TN4 + =t + (*l)k_l m 772]0) :I [(B)1.12 + (B)ZJ'Z]IIZ'
Proof. Let B = By + By and (B1); = (B)yfori = 1,2; (By);; = Ofor¢ =
3, -+, 2k; (By)y = 0forz = 1, 2; and (B2)y;j = (B)y fore = 3, -+, 2k,
j=1,--+,r.Then Q(T, 7)B = Q(T, 7)B: + Q(T, r)B; ; and if the jth column
of By is denoted by B,?, it holds that
k—1 ]
’ Q(T7 T)Bl(]) = <d.7 - Tdf; Ty ('—1)’6_1 U‘c%i")‘id]> )
‘where ,
p <(B)1j cos BTt — (B)y; sin BT'r
T (B)y; sin 8T+ + (B)s; cos BT+ )
It is evident that for T > 1, = € [0, 1], and 5 € K, it holds that

(1) 7QUT, B = 7 QT, )B: + 17(T, 7, 1)
where || 7(T, 7, 7) || < ¢. Now for each j = 1, --- , 7 one obtains
k—1
7' (Q, 7)B,® = (171 —m 4 e + (=17 Uﬁ_:_ﬁmk_l) [(B)y; cos BTr
k—1
— Byysin )+ (= rnact - (D7 T )
-[(B)y; sin BT+ + (B); cos BT7]
(8) T
=f{m—mm+ -+ (=1) mﬂ%—l (B)1j
k—1
+ <,72 Vi S (_l)k—l @%1)' "72k> (B)gj:, cos BT+
+ [ — -+ )B)yy — (m — +++)(B)y] sin fTr = Pyu(r) cos BTr

+ Pj(7) sin gTr.
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Let ¢ € [0, 1], and let m be a positive integer. Then, denoting {2™" = A, one
obtaing :

¢ . 2m—]  A(+DA
f | Pa(7) cos BT + Pp(r) sin BT | dr = kX; /M | Pis(rs) cos BT7
0 —

+ Pi(7s) sin 77 + (Pju(r) — Pali)) cos BT'7
+ (Pi(r) — Pj(n)) sin BT | dr,
where 7, € [kA, (k + 1)A]. From this, it follows that

gm—1 (k+1) A
Z [/ l P;i(71) cos 8T+ + Pjo(7) sin 8T~ | dT:I — v
k=0 kA
3
(9) < f | Pa(r) cos 8T + Pi(r) sin BT | dr
0

2m—]1 (1A

< X [f | Pi(7s) cos BTr ~+ Pjs(r:) sin BT | dr:I + v,
k=0 kA

where v = 3" [la®% | Pa(r) — Pa(m) | + | Pa(r) — Pa(n) | dr <

yA™2™ = 427", 4 being an upper bound of dP,,(r)/dr independent from j =

1, -,rmn = 17 2377€K1; and 7 € [O, 1] Now

(1) A
‘/;A I PJ’I(TIc) COoS 6TT -+ sz(Tk) sin ﬁTT l dr

(10)

(k+1) A

= (Pl(e) + P [ | cos(8Tr + 03) | d,
where ©w; = —arctg sz(T},)/le(Tk) € [O, 271')

Now it will be proved that if a, b, ¢ are real numbers, b > a, and ¢ € [0, 27),
then

b
(11) lim [ | cos(8Tr + o) | dr = 72; b — a)
T»>0 Ja
uniformly with respect to ¢ € [0, 27).
Let {a, 71, -+, 7», b}r be a subdivision of [a, b] (for a fixed T) such that
BTr; + ¢ = kir — (w/2) for some integer k; , koa = ki + 1, BTa + ¢ >
(ky — 1)r — (7/2), and BT + ¢ < (kp + 1)m — (7/2). Then

b p—1l prign
f | cos(BTr + ¢) | dr = ;f | cos(BTr + ¢) | dr

+LTI+/;:=(p—1)%,+f{ITI+‘/;:'

It is evident that 7,43 — 7, = #/BTfori =1, -+, p — 1, n — a < «/BT,
b— 7 < w/BT,and b — a — (2r/BT) < (p — 1)(«x/BT) < b — a; hence the

result follows immediately.
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From (10) and (11) it follows that
(k+1) A
I P;i(71,) cos BT+ + Pyp(r) sin 7T+ l dr
(12)

= (Pii(m) + Pa(m))" 22

with T — oo uniformly with respect to n € K.
By (9) and (12) one has forevery T > 1, m = 1,2, ---

2m—1 9
> {R’(m) 2 — (T, 171)152_'"} —
k=0 ks
t
(13) < f | Pii(r) cos BT7 + Pj(r) sin BT | dr
0

2m—1

< ]; {P (Tk) 27" + (T, m)i2~ } v,
where

Py(r) = (Pi(s) + P(r) ) = {[Q e 0 T )

7_k"“l 2 1/2
+ <"12 — s+ o+ (—l)kﬂm "Izk> :| [(B>1j2 + (B)2j2]} )
Y(T, m) — O with T — wform = 1,2, ---, ¢(T, m) being positive and in-
dependent from 4 € Ky, t € [0, 1].

Clearly (13) implies that

gm—1
2

12
23 Pi(n) — v < lim inff | Pii(7) cos BTr + Pyu(s) sin BT | dr
T k=0 T->o0 o

¢
(14) < lim sup I P;i(7) cos 8T + Pp(r) sin 8T+ I dr
T->0 0

2 n—1
- Z Pi(r)A + v
T k=0

form=1,2,---,1 € [0, 1]. Hence

¢ 9
(15) [ ] Py(7) cos BT + sz(T) sin BTr 1 dr — = f P]‘(’T) dr
0 ™ Jo

with T — . Moreover, from (13) and (14) it follows that

& t
\g f P;(7) dr — f | Pii(7) cos BTr + Pj(r) sin 877 | dr | < 20 + (T, m).
™ Jo 0

By (9),v < v ™ Now given an e > 0 choose m = m; such that 2y2™™ < ¢/2
and T such that ¢(T, 1) < ¢/2for all T > T, . Neither m; nor T depends on
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n € K1, ¢t € [0, 1], which proves the uniform convergence in (15). Since the
constant ¢ in (7) is independent from 7" > 1, € [0, 1], and 4 € K,

[ S w@ 0By ar—23 [ P ar,
0 J=1 =1 T j=1 Jo

with T — oo uniformly with respect to n € Ky, and ¢ € [0, 1].

LemMA 4. Let the hypothesis of Lemma 3 be fulfilled. For T > 1 let Gr =
E(x € Ey ;2 = fol Q(T, 7)Bu(r) dr, u € Q). Then Gr s a compact convex set,
and there exists a compact convex set Go C Eoy , which is symmetric with respect to
the origin, such that d.(Gr , Gw) — 0 with T — o, Moreover, Q., does not depend
on B, T and depends on the first two rows of B only, and if at least one element of
the first pair of rows of B is different from zero, then Q. coniains the origin in 1ts
interior.

Proof. Since @y is obtained from @ in (2) by means of a regular linear trans-
formation with the transformation matrix diag(T, T, T, T%, ---, T*, T"), G~
is compact, convex, and contains the origin in its interior. Now let n € K .
Then

yt = fo Q(T, r)B sgn(n'Q(T, 7)B) dr

is evidently a point of contact of the hyperplane tangent to Gr and perpendicular
to n. By Lemma 3, given ¢ > 0 there is a T such that for 77 > T

|n'ys — Ly| < e |
forallyp € K;.

Let @ = Moex Hrpres @ = NMaexy Hipe, G = Myexy Hiy where Hyyy =
E(x € Ex;nz < L, + o) for ¢ € By . It is easy to see that @, @, Q. are
compact, convex and symmetrical with respect to the origin, @.~ C Gr & Q. for
T > T. ; moreover, G, C Gy, C Q.. But d,(Q., @) — 0 with T — « and
du(Br, Cw) < du(@cT, @7). Now, if X ;%1 (B)i + (B)a 5 0, by Lemma 3
L, > 0forevery n € K ; as K, is compact, L, > « > 0 for every 5 € K, and @,
contains the origin in its interior. Lemma, 4 is proved.

Proof of Theorem 2. Let D be of type (5). Then for z € Sy one has: z =

" diag(T, T°, -+, T [¢" Q(T, r)Bu(+) dr, where
( 1, 0, e 0
T, %, 0’ ] 0
UT, ) = r oL 0
b 2'7 T7 TZ’ ) b
(=D 1
F=Di7 ° =
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Let B = {b;} = B, + B, where B, has the same first row as B and the re-
maining rows are zero.

Evidently, « = ¢” diag(7T, ---, T%)[[s Qu(x)u(r) dr + (1/T)qu(T, w)],
where §;(7) is bounded, depends on B; but not on B; and T; also || (T, u) || < A,
XA being independent of 7' > 1 and w € Q. Let G = E(w € Ep; w =
f}] Q(T, ©)Bu(r)dr, u € Q) and @, = Ew € Ey; w = J% Gu(T)u(r) dr,
u € Q). Gris obtained from @r by means of a regular linear transformation and,
therefore, is compact, convex, and symmetrical with respect to the origin and
contains a neighborhood of the origin for 7' > 1. To prove that G. has the
desired properties it is sufficient, since

I

Go = K <w € Ey;w= f e " Biu(r) dr, u € Q>,
0

to prove that the system

(16) & = Dz + B

is proper. First of all, observe that if > ;Z; | bi; | = O then the first component
1 of the vector

t

f e—DTEu(r) dr
0

is zero, which implies that the system~(4) is not proper. Thus by; 0 at least for one
j=1,-,r sayforjl.ThenD"(bli.l ,0, .-+ ,0) = (0,0, -, by, 0, e, 0)

forn = 0, 1, , bk — 1, the non—zero element in the right side being in the
(n + l)th place. Consequently, (blj , 0, , 0)', (0, b171 ,0, -, 0), -+,
(0, 0, , 0, by, ) form a complete system of llneally 1ndependent Vectors and

the system (16) is proper.

From the definition of G. and Gr it follows immediately that d,.(Gr, Q) <
(1/T)\ which proves Theorem 2 for the case that D is of type (5).

Now let D be of type (6). Evidently, for T > 1 the matrix ¢”” diag(T, T, T%,
T? ..., T* T*) determines a one-to-one correspondence between the points of
Fr(Gr) and Fr(Sy). Further, > ;2 (B), + (B):” = 0 implies similarly as in
the case (5) that the system (4) is not proper. Thus Y _;Z; (B)i* + (B)s” # 0
and, by Lemma 4, @, contains a neighborhood of the origin.

Note 2. It can be easily seen that the sets @z, @, can be calculated approxi-
mately in the same way as the set @r in Note 1. It is also obvious that
Theorem 2 may be generalized for the case that the matrix A consist of sev-
eral Jordan blocks (5) and (6).
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